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Abstract 

in ■ 

\ Let F be a p-adic field and let G(n) and G (n) be the metaplectic double covers 

of the general symplectic group and symplectic group attached to a 2n dimensional 
f-H \ symplectic space over F. We show here that if n is odd then all the genuine irreducible 

■ representations of G(n) are induced from a normal subgroup of finite index closely 

related to G a (n). Thus, we reduce, in this case, the theory of genuine admissible 
representations of G{n) to the better understood corresponding theory of G (n). For 
odd n we also prove the uniqueness of certain Whittaker functionals along with Rodier 
type of Heredity. Our results apply also to all parabolic subgroups of G(n) if n is 
odd and to some of the parabolic subgroups of G(n) if n is even. We prove some 
irreducibility criteria for parabolic induction on G(n) for both even and odd n. As a 
\ corollary we show, among other results, that while for odd n, all genuine principal series 

^sD ' representations of G(n) induced from unitary representations are irreducible, there exist 

rcducibility points on the unitary axis if n is even. We also list all the reducible genuine 
principal series representations of G(2) provided that the F is not 2-adic. 

cn 

^ ■ Introduction 

In these notes we relate the theory of genuine admissible representations of the metaplectic 
^ | double cover of GSp2 n (F) , where F is a p-adic field and n is odd, to the corresponding theory 

of its derived group which is the metaplectic double cover of Sp2 n (F). The prototype of our 
results are among the local results of Gelbart and Piatetski-Shapiro in [9] , [10] and [11] . In 
fact, for n = 1 some of our main results were proven in these papers. Similar results were 
proven by Adams for the m fold covers of GL m (F) and SL m (F), See pQ. The authors of 
these papers used Clifford theory combined with explicit cocycle computations and we have 
followed their path. We also prove here the uniqueness of certain Whittaker functionals 
which is a generalization of the results of Gelbart, Howe and Piatetski-Shapiro, see [8]. To 
explain our results we need some notation: 

Let G(n) = GSp2 n {F) be the general symplectic group attached to a 2n dimensional 
symplectic space over F, where F is a p-adic field. Let G (n) = Sp2 n (F) be the kernel of 
the similitude map and let G (n) be the subgroup of G(n) which consists of elements whose 
similitude factor lies in F* 2 . Denote by G (n) the unique metaplectic double cover of G (n) 
and denote by G(n) the unique metaplectic double cover of G(n) which contains G Q (n). 
For a subset A of G we denote by A its primage in G(n). Let Irr(G(n)\ , Irr(G + (nj) and 
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Irr(G Q (nj) be the set of genuine smooth admissible irreducible representations of G(n), 
G + (n) and G Q (n) respectively. For a group H denote its center by Z(H). It turns out that 
G + = G Z(G + {nj) and that G nZ(G + (n)) is ±l2n- Thus, given the representation theory 

of G Q , the representation theory of G + (n) is trivial. On the other hand our first main result 
is the following: 

Theorem A. Assume that n is odd. The map 

v T ,G(n) 
7T i— » lnd 7T 

G+(n) 

zs a surjective map from Irr(G + (n)) to Irr(G(n)) . Furthermore, any r 6 Irr(G{nj\ 
decomposes over G + (n) into a direct sum of [F* : F* 2 ] pairwise non-isomorphic G + (n) 
modules. The inverse image of r under the surjection mentioned above is the set of these 
summands. 

This result gives a natural correspondence between Irr(G(n)} and Irr(G ^ which has 
no linear analog: Any r £ Irr{G(n)) decomposes over G (n) into a direct sum of [F* : F* 2 ] 
irreducible modules. We also show that unlike the linear case, multiplicity one does not 
hold. The importance of Theorem A lies in the fact that much is already known about the 
theory of genuine admissible representation of G {n). An important feature of our result 
is that it continues to hold if G(n) is replaced with any of its Levi subgroups. In fact, it 
holds for any Levi subgroup of G{n) regardless of the parity of n, provided that the Levi 
subgroup in discussion is isomorphic to 

GL ni (F) x GL n2 (F) ... x GL nr (F) x G(2n r+1 ) 

where at least one of n±, . . . , n r+ \ is odd. We call these Levi subgroups, Levi subgroups of 
odd type and we call the other Levi subgroups, Levi subgroups of even type. Note that if 
n is odd then all Lvei subgroups of G(n) are odd and that regardless of the parity of n, 
the group of diagonal matrices inside G{n) is always of odd type. The upshot here is the 
following: 

Theorem B. Let P be a parabolic subgroup of G{n) and let tt be a genuine smooth ad- 
missible irreducible representation of P. Define P = PPiG (n) and let tt be any irreducible 

P module which appears in tt. Define I (it) = In<£^ n ^ir and I(tt ) = In<£^-^ V . 

_ o 

1. If n is odd then /(vr) is irreducible if and only if I(tt ) is irreducible. 

2. If n is even, P is of odd type and tt is supercuspidal then /(vr) is irreducible if and only 
if I(tt ) is irreducible and ir is not Weyl conjugate to any of its twists by elements of P 
which lies out side G + (n). 

Theorem C. Let tt be an element in Irr(G(nj) . If either n is odd or tt is induced 
from a parabolic subgroup of odd type then its contragredient representation is isomorphic 
to a particular one dimensional non-genuine twist of tt. For details see Theorem \3.3\ and 
Proposition \3.2\ 

Theorem B is still valid when G is replaced with any parabolic subgroup P' whose Levi 
part contains the Levi part of P provided that P of odd type. Our result implies that 

the number of reducibility points of Inc^^it is no less then the number of reducibility 

points of Ind^.^' V . It is well known that for linear groups, the opposite holds. Using 

o 
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some results from [31] and Theorem B we prove some irreducibility theorems on genuine 
parabolic induction on G(n). In particular we prove the following: 

Theorem D. // n is odd then all genuine principle series representations of G(n) in- 
duced from unitary representations are irreducible. Ifn is even then there exist reducible gen- 
uine principle series representations of G(n) induced from unitary representations. Among 
these reducible reorientations are also unramified representations. 

Note that, regardless of the parity of n, all genuine principle series representations of 
G {n) induced from unitary characters are irreducible. Using the results of Zorn, [33], we 
also list all the reducible principle series representations of G{2) over p-adic fields of odd 
residual characteristic. 

Assume now that P is the Siegel Parabolic subgroup of G (n). Let ir be an irreducible 
smooth admissible generic representation of P . The Plancherel measure, (i(r,s), attached 

to IncQ^ n '7i" was computed in Theorem 4.3 of [31]. It was shown there that if % ls 

o 

a quadratic character of F* then n(ir ,s) and fi{x ° det <S>7r , s) have the same analytic 
properties. This fact, which has no linear analog, is explained here by the observation that 
these two induced representations are conjugate by an element of G(n). 

We now state our result on Whittaker functionals: If n is odd then 

[Z(G + (n)): Z(G(n))} = [F* : F* 2 ]. 

For 7r, a representation of Gin) where n is odd, with a central character x-ki let ^-n- denote 
the finite set of characters of Z(G + (n)) which extends x-k- Let N(n) ba a maximal unipotent 
radical of G(n) and let ip be a non-degenerate character of N(n). Let be the space of 
ip- Whittaker functionals on tt. For oj £ let Wf X w be the subspace of which consists 
of eigen functionals corresponding to uj. 

Theorem E. Let tt be smooth admissible generic representation of G(n) where n is 
odd. Assume that tt is either irreducible or parabolically induced from a smooth admissible 
irreducible representation. Then, for any uj € Sl^, dim(M / ^, Xa; ) < 1 and dim(II / ^ XaJ ) = 1 
for at least one uj 6 Furthermore, if n is even and tt is parabolically induced from a 
smooth admissible irreducible representation of an odd parabolic subgroup then one may 
generalize this uniqueness and exitance. For details see Theorem 15.31 

This result is proven by combining Theorem A and the Uniqueness of tp- Whittaker 
functional for G (n) proven in [29] . It should be noted that this is not the argument used in 
[8] for n = 1. From Theorem E it follows that dim(W 7r ) < [F* : F* 2 ]. In some case sharper 
results are obtained. We now explain some of the expected applications of the results given 
in this paper: 

1. Theorem E enables the definition of an analog to Shahidi local coefficients, [26], for a 
parabolic induction on G(n), provided that the inducing subgroup is of odd type: ojxi/j and 
its generalization mentioned in Theorem E replace the role of the usual ip. The computation 
of these coefficients is reduced at once to G (n). One can use these local coefficients to define 
local 7, L and e factors in a way which is similar to Shahidi's definitions in [27] . It can 
be proven that these factors satisfies cerian properties that characterize them uniquely, see 
Theorem 3.5 of [27] and Theorem 4 of [T7J. For instance, the multiplicativity of the gamma 
factor will follow from the multiplicativity of the local coefficients along with the fact that 
a parabolic subgroup of odd Levi subgroup is always of odd type. 
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2. In the minimal parabolic case, our results are in accordance with the construction 
of principal series for covering groups, see |18| . It turns out that if T(n) is the diagonal 
subgroup of G(n) then Tn G + (n) is a maximal abelian subgroup of T(n). Note that it is 
not an analog to Kazhdan Patterson standard maximal Abelian subgroup, see Section 1 
of |14j . which appears also in [7] and [19]. Its important property is that it contains the 
commutative group TnG (n). In the unramified case, one may use Theorem E construct 
a basis for the space of spherical Whittaker functions which consists of symmetric functions 
and whose functional equation is diagonal. Given the global functional equation satisfied by 
Eisenstein series, see Theorem IV. 1.10 of [21], this fact is meaningful. An explicit formulas 
here may be given using the results of Bump, Friedberg and Hoffstein in [JJ. 

3. Let SO^ n+1 (F) be the two special orthogonal groups corresponding to the two 2n + 1 
orthogonal spaces over F with discriminant equals 1. In [12], Gan and Savin established 
a bijection between Irr(G {nj\ and the irreducible smooth admissible representations of 
S0 2n+1 (F) closely related to the theta correspondence, and used it to prove the local Lang- 
lands conjecture for G (n) given the local Langlands conjecture for SO^ n+1 (F). Using the 
frame work of Roberts, [23], this correspondence extends easily to a correspondence between 
the irreducible smooth admissible representations of GSO^ n+1 (F) and Irr(G + (ra)) . Assume 
now that n is odd. Using Theorem A, it is possible to define a natural correspondence be- 
tween irreducible smooth admissible representations of GSO^ n+1 (F) and Irr(G{nj) . This 
correspondence will preserve local factors and Plancherel measures, at least for generic rep- 
resentations. This correspondence can then be used to prove the local Langlands conjecture 
for G(n) given the local Langlands Conjecture for GSOf n+1 (F). 

We shall address each of these topics in a future publication. 

This paper is organized as follows: In section [1] we introduce some notation and recall 
some facts about the metaplectic groups and Rao's cocycle. In Section [2] we carry out the 
crucial cocycle computation and prove some structural facts about G(n) and its subgroups. 
We use these facts in Section [3] where we apply Clifford theory to prove Theorems A-C and 
other related results. The irreducibility theorems are proven in Section |4j using the results 
of Section [3j In Section [5] we prove Theorem E and other results using the results of Section 
[3]and uniqueness of Whittaker model for G (n). 

I would like to thank Freydoon Shahidi, Gordan Savin, Jeffery Adams, Nadya Gurevich 
and Sandeep Varma for useful communications on the subject matter. 

1 preliminaries 

1.1 General notations 

Through these paper F will denote a p-adic field, i.e, a finite extension of Q p . If G is a 
group we denote its center by Z(G). For g, h E G we define 

hP = g~ l hg. 

Let 7r be a representation of G. If ir has a central character, we denote it by Xn- If H is a 
normal subgroup of G, r is a representation of H and g is an element of G, we denote by 
t 9 the H module defined by 

h^T{h 9 ). 
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If G is a p-adic group and tt is a smooth representation of G, we denote by 7? the contra- 
gredient representation. 

1.2 Hilbert symbol and Weil index 

Let (•, - ) F be the quadratic Hilbert symbol of F. It is a non-degenerate symmetric bilinear 
form on F*/F* 2 . Recall that for all a, b € F* 

(a,b) F = (a, -ab) F . (1.1) 

For £ F* we define r/ a to be the quadratic character of -F* attached to a, that is, 

Va(b) = (a,b) F . 

Recall that r\ a = r\ a ^i. Let ip be a non-trivial additive character of i 7 . For a € F* define 

ip a (x) = ip(ax). 

It is also a non-trivial additive character of F. For a G F* let 7^ (a) € C 1 be the normalized 
Weil factor associated with the character of second degree of F given by x i-> Va(^ 2 ) (see 
Theorem 2 of Section 14 of |32j). It is known that 7^ is a forth root of unity and that 
7 4F* 2 ) =1. Also, 

7v( ab ) = r 7i>(a)li,(b){a,b) F , 7^ = ^-7^, 7^ 1= 7^-i- (1-2) 

1.3 Linear groups 

Let GSp2n(F) be the general symplectic group attached to a 2n dimensional symplectic 
space over F. We shall realize GSp2 n (F) as the group 

{9 G GL 2n {F) I 5 J 2n5 * = A (5) J 2n }, 

where 

J 2 n=f° 

V-/n / 

and X(g) € i 7 * is the similitude factor of g. The similitude map g *— > A(<?) is a rational char- 
acter on GSp2n(F). The kernel of the similitude map is is the symplectic group, Sp2 n (F). 
F* is embedded in GSp2 n (F) via 



A 1 ^ i(A) = 




Using this embedding we define an action of F* on Sp2 n (F): 

(g,X)^9 l{x) . 

Let F* t<Sp2n(F) be the semi-direct product corresponding to this action. For g E GSp2 n (F) 
define 

& =i(A- 1 (5))5GSp 2n (F). 
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The map 

9 ^ (K9),9i) 

is an isomorphism between GSp2n{F) and F* X Sp2n(F). In particular GSpo(F) ~ F*. 

We define GSp 2n (F) to be the subgroup of GSp2n{F) which consists of elements whose 
similitude factor lies in F* 2 . GSp 2n {F) is a normal subgroup of GSp2 n (F) which contains 
Sp 2n {F) . Clearly 

[GSp2n{F) : GSp + 2n (F)] = [F* : F* 2 ] < oo. 
For < r < n define i r>n to be an embedding of GSp 2r {F) in GSp2 n (F) by 



a b , 

c c£ 



^In — r \ 
a ft 

A(s)7„_ r 
V c d/ 



where a,b,c,d G Mat rxr (F). The restrictions of i rj „ and to GSp 2r (F) and to Sp2 r (F) are 
embeddings of GSp 2r {F) and Sp 2r {F) inside GSp 2n {F) and Sp 2n {F) respectively. 

Let N GL (F) be the group of upper triangular unipotent matrices in GL n {F) and let 
N2n{F) be the following maximal unipotent subgroup of Sp 2n (F): 



{(::) 



2 G iV Gin (F),6 e Mat nxn (F), 6* = rtz*}, 



where for a G GL n we define a = l a . Let T 2n (F) be the subgroup of diagonal matrices 
inside GSp 2n (F). Denote 

B' 2n (F) = T! 2n (F)KN 2n (F). 

It is a Borel subgroup of GSp 2n {F). A parabolic subgroup of GSp2 n (F) is called standard 
if it contains B' 2n (F). A standard Levi (unipotent) subgroup is a Levi (unipotent) part of a 
standard parabolic subgroup. Let ni,n 2 , . . . ,n r ,n r+ i be r + 1 nonnegative integers whose 
sum is n. Put 

t = (ni,n 2 , . . . ,n r ;n r+ i). 

Let M' t (F) be the standard Levi subgroup of GSp2 n (F) which consists of elements of the 
form 

[ft, 92, • • -,g r ;h] = diag(g x ,g 2 , . . . , g r , I k , \{h)g\, X(h)g 2 , . . . ,\(h)g r ,I k )i k , n (h), 
where g t G GL ni (F),h G GSp 2nr+1 (F). Define 

M t + (F) = Ml(F)nGSp 2n (F), 
M t (F) = Ml(F)nS P2n (F). 



Note that 



M' t {F) ~ GL ni (F) x GL n2 (F) . . . x GL nr (F) x G5p 2nr+1 (F), 
M t (F) ~ GL ni (F) x GL n2 (F) . . . x GL nr {F) x 5p 2nr+1 (F), 
M t + (F) ~ GL m (F) x GL n , 2 (F) . . . x GL nr (F) x GS;4 r+1 (n 
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Define 

Pl(F) = Ml(F)KU t (F) 
to be the standard parabolic subgroup of GSp2 n (F) whose Levi part is M[_{F). Define now 

P t (F) = M t (F) x U t (F), 
P t + (F) = M t + (F)xf/ t (F). 

Pt(F) and P t + (F) are parabolic subgroups of Sp2 n (F) and GSp2 n (F) respectively. We 
continue to call the parabolic and Levi subgroups obtained that way standard. To be clear 
we note here that by a parabolic subgroup we do not necessarily mean a proper parabolic 
subgroup. In fact, many of the results given in these notes for parabolic subgroups and 
their metaplectic double covers are motivated primarily by the 

M' t {F) = Pl(F) = GS P2n (F) 

and 

M t (F) = P t (F) = S P2n {F) 

cases. 

A particular role is reserved for P^ n .^{F), the Siegel parabolic subgroup of Sp2n{F): 



P(n;0)(F) = {(o ~) I a G GL n (F),b G Mat nxn (F),6* = a^ba 1 ]. 
The Bruhat decomposition of Sp2 n {F) with respect to P( n;0 )(-F) is 



(1.3) 



S P 2n(F) = |J 

i=o 

where Qj(F), the j Bruhat cell, is 

%(F) = ^ G Sp 2n (F) I a, 0,7, a S Mai nxn (F), ranfc( 7 ) = j}. 

Note that O (F) = P (n;0) (F), ft* (A) (F) = for all A G F* and that 12 J 1 (F) = %(F). 

For # = rj ^ € ^o(F) define 

= det(a) G F*/F* 2 . (1.4) 

In Lemma 5.1 of [22], Rao extended the map g i— > to a certain map from Sp2 n (F) to 
F*/F* 2 such that if p 1? p 2 G ^o(F) then 

x{pigP2) = x(p 1 )x(g)x(p 2 ) (1.5) 

for all g G Sp2n(F). This map plays an important roll in the definition of Rao's cocycle, 
see Section [L4l In page 362 of [22] and (2-11) of page 457 of [29] respectively, it is shown 
that for g G %(F) we have. 

x(g- 1 ) = (-l) j x(g), (1.6) 
x(/ A )) = A's(</). (1.7) 
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1.4 Rao's cocycle 



Let Sp2n{F) be the unique non-trivial two- fold cover of Sp2 n (F). We shall realize Sp2 n (F) 
as the set Sp2 n (F) x {±1} equipped with the multiplication law 

(9i, ei) (92,62) = {gig2,eie 2 c(g 1 ,g2)). (1.8) 

Here 

c : Sp2n(F) x Sp 2 „(F) -> {±1} 

is Rao's cocycle, see [22]. For any subset H of Sp2 n (F) we denote by -ff its inverse image in 
Sp2n(F) and we continue to denote by H the subset (H, 1) of Sp2 n {F). We shall later use 
similar notations in the context of GSp2 n (F) . We recall the following explicit properties of 
Rao's cocycle. For g £ ttj(F), p £ £lo(F) we have 

c^g' 1 ) = (x( 5 ),(-l)^( 5 )) F (-l,-l)f^ (1.9) 

c(p,g) = c(g,p) = (x(p),x(g)) p . (1.10) 

See Corollaries 5.4 and 5.5 in [22| (there is a small mistake there which was corrected by 
Adams in Theorem 3.1 of [Mj). A representation ir of Sp2 n (F) is called genuine if 

ir(I 2n , 1) = -Id. 

Similar definition holds for all the covering groups discussed in this paper. 
Lemma 1.1. The following hold: 

1. Two elements in Sp2 n {F) commute if and only if their projections to Sp2n(F) commute. 
2- Sp2n (F) splits over any standard unipotent subgroup of Sp2 n (F) via the trivial section. 
Furthermore 

P^F) = M^F)KU t (F), 

3. (h,e) h-> (i r n (/i),e) defines an embedding of Sp2 r {F) inside Sp2 n {F). 
4- Fix t = (nx,n2, • • • , n r ;n r+ i). For 1 < i < r , let o~i be a smooth irreducible representation 
of GL ni (F) and let a be a representation of Sp2n r+1 (F) . Fix tp, a non-trivial additive 
character of F, and define: 

r 

T([gi,g2,---,9n r ;h],e) ^ 7^(11 det (^)) ® (®Li°"i(9i)) ^^(^e), 

i=\ 

t is an irreducible smooth admissible genuine representation of Mt(F), and all smooth 
admissible genuine irreducible representations of M t (F) are obtained that way. 

Proof. These are all well known: 1 follows from page 39 of |20j . 2 follows from (jl.9p and 
(jl.lOp . 3 follows from the inductive property of Rao's cocycle; See corollary 5.6 of |22| . For 
4 see Section 2.3 of p2] for example. □ 

Remark: It was proven in [30] that if F is a p-adic field of odd residual characteristic 
then 



M t (F) ~ GL ni (F) x GL n2 {F) . . . x GL nr (F) x 5p 2nr+1 (F). 
We shall make no direct use of this fact. 
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1.5 Extension of Rao's cocycle to GSp2 n (F). 

In this section we shall recall the construction of 

GSp 2n {F) ~ F* x Sp 2n (F), 

the unique two- fold cover of GSp2 n (F) which contains Sp2 n (F). By page 36 of [20J, it is 
known that we can lift uniquely the outer conjugation g \-¥ g 1 ^ of Sp2n(F) to Sp2n(F), i.e, 
we can define a map v x : Sp2n(F) — > {±1} such that 

(g,e) ^ (g,e) x = {g\ev x (g)) 

is an automorphism of Sp{X). In Section 2B of [29] it was shown that for g € Qj(F), A € F* , 
we have 

v x (g) = (x(g),\ 3+1 ) F (\A)f^ 1 . (l.H) 

Furthermore, the map 

(A,(g,e)) ^( 5 ,e) i(A) 

defines an action of F* on Sp(X). As explained in Section 2B of [29], this computation 
enables the extension of c(-, •) to a 2-cocycle c(-, •) on GSp2 n (F) which takes values in {±1}: 
We define the group F* x Sp(X) using the multiplication formula 

(a, (g,e 1 ))(b, (h,e 2 )) = {ab, (g,e 1 ) i( - b \h,e 2 )) . 

We now define a bijection from the set GSp2 n (F) = GSp2 n (F) x {±1} to the set F* x Sp(X) 
by the formula 

whose inverse is given by 

Z- 1 (A,(^,e)) = (i(\)h,e). 

We use T to define a group structure on GSp2n{F) x {±1}. A straightforward computation 
shows that the multiplication in GSp(X) is given by 

(g,e 1 )(h,e 2 ) = {gh,v x(h) (g 1 )c(gi^\h 1 )e l e 2 ). 

Thus, 

c(g,h)=v x{h) (g 1 )c(g^ h \h 1 ). (1.12) 

We remark here that Kubota, [T5], used a similar construction to extend a non-trivial double 
cover of SL>2{F) to a non-trivial double cover of GL2(F). For n = 1 our construction agrees 
with Kubota's. Note that by restricting c we obtain a double cover of GSp 2n (F). Clearly 

[Ml(F) : M t + (F)] = [M t '(F) : M t + (F)] = [F* : F* 2 ]. 

As a set of representatives of Ml(F)/M^(F) we may take 

{(z(A),l) | A € F*/F* 2 }. 
We note that from the third assertion of Lemma 11.11 and from (|1.12|) it follows that 

(h,e) h-> (v )ri (/i),e) 
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defines embeddings of GSp2 r {F) and GSp2 r {F) inside GSp2 n (F) and GSp2 n {F) respec- 
tively. 

Notation: For a = (g, e), a pullback in GSp2 n (F) of an element g E GSp2 n (F) we define 
A(<x) = A( 5 ). 

We note here that fixing (g,e) E GSp2 n (F), the inner automorphism of GSp2 n {F), 
a I—)- o^ 9 ' 6 ) does not depend on e. Thus, there is no ambiguity in the notation a <— > a 9 where 
a E GSp 2n (F), and g E GSp 2n (F). 



2 Some structural facts about GSp2 n {F) and its subgroups 

Lemma 2.1. Fix g E GSp2 n (F) ■ Assume that g 1 E £lj(F). Define X = X(g). Then, the 
following generalization of (|1.9|) holds: 

C(g,g^) = (-X,-I)f^ 1 (x(g i ),(-Xy +1 ) F 

Proof. First note that since g -1 = i(A _1 )((5 1 )~ 1 )^ A ^ we have 

Or 1 )-, = (( 5l )" 1 ) 4(A " ) = (G^^r 1 - (2-i) 

This implies that 

= (x(pJ,A*+ 1 ),(A,A)^c((» l )^- 1 ) 1 (a, 1 )^- 1 ))- 1 ). 
Hence, by (II. 9|) we conclude that 

^^h^g^a^^a)^ 

By (|1.7p and (jl.ip we now get 

c^*?" 1 ) = (-A,-l)f^ i (x( 5l ),A^ 1 ) F (x( 5l )(Ay,x( 9l )(-AF) F 

= (-A,-l)^(x(^),V +1 ) ip (x(i fl )^(» 1 )(-l) i ),- 
Using (II. ID again the Lemma is now proven. 

□ 

Lemma 2.2. Assume that g E GSp2n(F) is such that g 1 E Q,q{F). Denote A = A(g). For 
h E GSp2n{F) such that h\ E £lj{F) we have 

(^eX^e'X^r 1 = (<?/"TVdGa)), (2.2) 

where 

d(g,h) = (xig^Xih))^^),^ 1 )^^)^ 1 - (2-3) 



10 



Proof. We have to show that 

%,/ l )H(^,£- 1 )c(<7,<r 1 ) = d(g,h). (2.4) 
First, by Lemma 12. II and by (jl.ip we have 

c(g,g~ l ) = {x( 9l ),-X) F . (2.5) 
Next, from (TL~T2"|) . (fTT]) and (TL~TU|) it follows that 

= (sfoJ,A(/0) JsteJ.zCM),.- ( 2 - 6 ) 
By (|2.4p . (|2.5p and (|2.6p . the proof is done once we show that 

c{gh,g~ l ) = (x( 5 Jx(/ l J,A^ 1 ) F (A,A)f^ i (AM5 1 M/ ll ),x( 5l )) F . (2.7) 
Note that gh = i(X\(h))(g 1 ) i ^ h ^h 1 . Therefore, 

(gh\ = (gJ^HK) € %(F), x^gh),) = x( gi )x(K)- 

Also, since 

(WJ^ 1 ^^)^- 1 )^)^- 1 ), 
we conclude that Ugh)^ ^ G ^j(F) and that 

x((( 9 / l ) 1 ) i ( rl ))=AM9 1 )*). 

Thus, 

^ff- 1 ) = ^(( 5 / i ) 1 ) c ((( 5 / l ) 1 r^ 1 ),( 5 - i ) 1 ) 

= A* 1 ), (A, A);T~ (( X (( gh ) i y^),x((g- 1 ) 1 )) F 

= {x( 9l )x(h 1 ),X j+1 ) (A, A) ( A i x ( 5l ), x( 9l )) 



□ 



Proposition 2.1. 



Pl(F) = Ml(F) x C/ t (F), 



P;(F) = Ml(F)*U t (F). 



Proof. Since Pl(F) = i(F*)Mt(F) and since Mt(F) normalizes Ut(F) it is sufficient to 
prove that for n G U t (F) and A G F*, 

(i(A),l)?i(z(A),l)" 1 = (i(A)n(i(A" 1 ),!). 
This follows directly from (|2.2|) . □ 
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Proposition 2.2. Let M t + (F) be a standard parabolic subgroup of GSp 2n (F) . The following 
hold: 

1. Z(Af t + (F))= Z(M t + (F)). In particular, Z(GSp 2n {F)) = F*L^. 

2. The relation between M t + (F) and M t (F) is similar to the relation between (F) and 
M t (F). More precisely, 

MZ{F) = Z{GSpUF))lMF) (2.8) 
and Z(GSp + 2n {F)) n M t (F) = ±h n . 

3. Two elements in (F) commute if and only if their projections to M t + (F) commute. 
4- Let 7r be a representation o/M t + (F). Then ir is irreducible if and only if its restriction 
to Mt(F) is irreducible. 

5. Let t be an irreducible smooth admissible representation of Mt(F). Let x be a character 
of Z(GSp 2n (F)} which agrees with Xr on db^n- For g G M t (F) write g = zgo, where 
z G Z(GSp 2n (F)) and g E Mt(F). The map 

g ^ x{z)T{g Q ) 

defines an irreducible representation of (F) and every irreducible smooth admissible rep- 
resentation of M t + (F) is obtained that way. 



Proof. Clearly Z(M^(F)) C Z(M+(F)). Suppose now that g € Z(M^(F)). Then, by 

{g,e){h,e'){g,e)- l = {h,e') 

for any h G M t + (F). This proves 1. Given 1, 2 is clear. 3 follows from 2 and from the first 
assertion of Lemma 1 1.11 The last two assertions follow from the second. □ 



Note: Let r be a genuine smooth admissible irreducible representation of Sp2 n {F)- Fix 
a G GSp2n{F) such that A(<r) = —1. It was proven by Sun in Theorem 1.2 of [25] that 

f ~ Tq . (2.9) 

It now follows from (12. 2p above that if —1 G F* 2 then any genuine smooth admissible 
irreducible representation of Sp2 n (F) is self dual. 

Definition: Let t = (n 1 ,n 2 ,.. .,n r ;n r+1 ). We say that M t (F), M t + (F), M t '(F), P t (F), 
P t + (F), Pl(F) or their metaplectic double covers are of odd type if at least one of the num- 
bers m, ri2, ■ ■ ■ , n r ,n r+ i is odd. Otherwise we say that these groups are of even type. Thus, 
GSp2n{F), GSp2 n {F) and Sp2 n (F) are of odd type if and only if n is odd. Furthermore, 
provided that n is odd, all the standard parabolic subgroups of GSp2 n (F), GSp 2n (F) and 
Sp2n(F) are of odd type. Note that, regardless of the parity of n, the Borel subgroups, 
B2n{F), B 2n (F) and B' 2n (F) are of odd type. This definition is motivated by the following 
crucial observation: 

Lemma 2.3. Let M t + (F) be a standard parabolic subgroup of GSp 2n (F). Define 

Z 1 (Mt(F))={g 1 \geZ(M+(F))}. 
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If M t (F) is of odd type then 

x(Z 1 (Mt(F)))=F*/F* 2 
while if M' t (F) is of even type then 

x{Z 1 {M+(F))) = l. 

Proof. Assume that t = (rai,n2, • • • , n r ; n r +i). An element g G Z(M^ (F)) has the form 

g = diag(ail ni ,a2l n2 > ■ ■ ■ > a rln r ,bl nr+1 ,b 2 a 1 1 I ni ,b 2 a 2 1 I n2 , ■ ■ ■ , b 2 a r I nr , &I„ r+1 ) , 
where a±, 02, . . . , a r , b € F*. Since X(g) = b 2 we have 

9i — dia,g{a,\I ni ^ CL2ln2^ • • • 1 ^ j rln r ibl nr+1 , O,^ I ni ,Cl2 In^t • • • ■> ^n r jb In r +i) • 

Thus, by (Oj) . 

=b nr+i n 

□ 

Proposition 2.3. Lei M^(F) be a standard Levi subgroup of GSp2 n (F) ■ The following 
hold: 

1. For h € Z(M t + (F)) and g € M' t {F) we have 

(M^eOCM) -1 = {g,d{g,hy), (2.10) 

and 

O/.eJ^OO/.e)- 1 = (h,d(g,h)e'), (2.11) 

w/iere 

d(< 7 ,/ i ) = (x(/ ll ),A( 9 )) F . 
Z(M^(-F)) consists of elements of the form (h,e) where h € Z(M^ (F)) is suc/i i/iai 

xfTiJ G F* 2 . 

/n particular Z(M[(F)) C Z(M t + (F)). 

3. IfMl(F) is of even type then Z(M t '(F)) = Z(M t + (F)). 

^. IfM' t (F) is of odd type then Z (F)) / Z (M' t (F)) ~ F*/F* 2 . An isomorphism is given 

by (g,e) i->- 

5. For (g,e),(g',e') € Z(M t + (F)) we /lave 

(<m)GAO = (W,«'(*( 5l ),x( 5 :)y ■ (2.12) 
In particular, GSp2 n (F) splits over Z{M^{Fy\ via the trivial section. 
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Proof. (EHUD follows from (j!T2"|) . To prove (I2TLT) note that by (fl~T2l 



c(%),s) = !) 
for all y £ F*, and s 6 GSp2 n {F). Thus, 

( 5 , e )(fr, e ')(<7, e)" 1 = (i(Afo)), , e)(h, e')( 9l , e)-\i(X(g)), I)' 1 
= (,(A( 9 )),l)(/ l ,6')(.(A( 9 )),l)- 1 . 

(|2.1ip follows now from (|2.2p . We now prove the second assertion of this Lemma. Fix 
h G M' t (F) such that A(/i) is not a square. We may choose g G T 2n (F) C M' t {F) such that 

(x( 5 ),A(h)) F = -l. 

By (H2]) 



Thus, (h,e) and (5, 1) do not commute. This implies that Z{M[{F)) C Z(M t (F)). The 
second assertion follows now from the first. The third and forth assertions follow from the 
second assertion and from Lemma l2.31 The last assertion follows from the cocycle formula, 
HTI2j> . □ 



From this point we denote Z(M t + (F)) / Z {M^F)) by Z t (F). If M t '(F) C GSp 2n (F), 
where n is odd, then as a set of representatives of Zt(F) we may take 

{(6l2n,l) I b G F*/F* 2 }. 
The following is a peculiar result of Proposition 12. 3t 

Proposition 2.4. Let M^(F) be a parabolic subgroup of GSp2 n (F). Assume that M[{F) is 
of odd type. Let ir be a genuine representation of M^(F) and let x be a quadratic character 
ofF*. Then, 

(X°A) <g> 7T ~ 7T. 

Proof. Fix a G F*/F* 2 such that ry a = x- By the third assertion of Proposition 12. 3( one 
can pick a = (h,e) G Z(M t + (F)) such that x(h t ) = a. Clearly, vr ~ vr a . By (|23U|) . 

c/ CT = (hn,(a,X(g)) F )g 

for all 5 G Ml(F). Since 7r is genuine, 

n a = (x°A) ® 7r. 

□ 

There is no linear analog to Proposition 12.41 In fact, it fails already in the GL2{F) case. 
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3 Relative representation theory 



3.1 One dimensional genuine characters 

Lemma 3.1. Let (F) be a parabolic subgroup of GSp2 n (F) ■ Assume that M t + (F) is of 
odd type. Let g be any element of M[{F) which lies out side M t + (F). 

1. Let x be a genuine character of Z(M^(F)). Then, 

X 9 (z,e) = r] Mg) {x{z 1 ))x{z,e). 

Ln particular X 9 X- 

2. Let it be a genuine representation of M t + (F) with a central character. Then ir ^ ir 9 . 

Proof. The first assertion follows directly from (|2.10j) and from Lemma 12.31 Note that the 
assumptions that x is genuine and that M t + (F) is of odd type are crucial here. The second 
assertion follows now since ir and it 9 have different central characters. □ 

Remark: Clearly, the first assertion of Lemma 13.11 is false for parabolic subgroups of 
even type. In Theorem 14.41 we give a counter example, showing that the second assertion of 
Lemma 1331 is also false for GSp2 n (F), where n is even. 

Let M' t (F) be a standard Levi subgroup of GSp2 n {F). Let x be a character of Z(M^(F)) . 
Denote by f2 x the set of characters of Z{M^ (i 7 )) which extend x- By the third and forth 
assertions of Proposition 12.31 O x is singleton if M' t (F) is of even type and = [F* : F* 2 ] 
if M' t (F) is of odd type. 

Lemma 3.2. Let M[(F) be a standard parabolic subgroup of GSp2n(F) . Let x be a genuine 
character of Z(M[{F)\. 

1. x has the form 

0,e) ^ erj(z), 

where r/ is a character of the projection of Z[M^Fy\ into GSp2 n {F). 

2. Fix r]', a character of Z(^M^(F)^ which extends r/, and fix ip, a nontrivial additive 
character of F. Then, 

n x = {(g,e) ^ Va-M x (9i))ev'(g) I a € F*/F* 2 }. (3.1) 

3. Any genuine character of Z(^M^(F)^ has the form 

(g,e) ^ eS,(g)j 1 p(x(g l )), 
where £ is a character of Z(M^ (i 7 )) and tp is a nontrivial additive character of F. 



Proof. The first assertion follows from the fifth assertion of Lemma [2.3l If M^(F) is of even 
type then the other assertions are trivial. Assume now that M[_(F) is of odd type: From 
(|2.12p it follows that the right hand side of (|3,ip indeed contains [F* : F* 2 ] elements of Q x . 
The third assertion follows now from the second assertion and from (ll.2p . □ 
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Corollary 3.1. Any genuine character of Z(GSp^ n (F)\ has the form 

(a/ 2 „,e) i-> en'(a)^(a n ) 

where rf is a character of F* and tp is a non-trivial additive character of F. If n odd, any 
genuine character of Z(GSp2n{F)) has the form 

(a/ 2n ,e) H> er){a) 

where n is a character of F* 2 . 
3.2 Clifford theory 

We shall make repeated use of the following result from Clifford theory. 

Lemma 3.3. Let G be a group and let H be a normal subgroup of finite index of G. For 
tt, a representation H , we denote I(tt) = Ind^TT. 

1. I(ir) is irreducible if and only if it is irreducible and tt tt 9 for any element g € G which 
lies out side H. 

2. Let 7r 1 and tt 2 be two irreducible representations of H. /(ttJ ~ L(tt 2 ) if and only if 
7r 2 = tt 9 for some g € G. 



Let M' t (F) be a standard Levi subgroup of GSp2 n (F). Assume that M[(F) is of odd 
type. If 7r is a representation of M^{F) with a central character Xm we define Q n = ^ x?r . 
For lj £ £l n we define tt^ to be the ui eigen subspace of tt. It is clearly an M t + (F) invariant 
subspace. Further more, since Zt(F) is a finite commutative group, 



TT 



—= t w . (3.2) 
The projection map 

<j) w : TT -» 7T W (3.3) 

is defined by 

<f> w (v) = [F*:F* 2 ]- 1 £ co-\b)TT(b)(v). (3.4) 
beZt(F) 



If, in addition, tt is genuine, then by Lemma f3.ll M' t (F) / M t (F) acts simply and transitively 
on the set of summands in the right hand side of (|3.2[) . Thus, if we fix u; £ Q n then 



m7 (f) 
* aeF*/F* 2 



#• (3.5) 



By the second assertion of Lemma 13.11 the summands in (j3.2|) and (|3.5p are pairwise non- 
isomorphic. 



Lemma 3.4. Let M' t {F) be a parabolic subgroup of GSp2n(F). Assume M^(F) is of odd 
type. Let (tt, V^) be a genuine representation of M' t (F) with a central character. Fix w € 
and denote 



TT \ T J M l( F ) 

I{tt w ) = In d tv TT W . 



Then, tt ~ L(tt w ). 
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Proof. For v E V w define f(v) : M t '(F) ir w by 

5 ^ w {^{g)v). 



The map v i-t f(v) is obviously an Ml(F) intertwining map from V n to I(ir w ). Since Ml(F) 
permute the 7r w 's, this map is injective. For / £ I(tt w ) define t>(/) € K- by 

v(f)= E ^(a),l)/(z(a^),l). 



The map / i-> u(/) is a M^{F) map from I(ir w ) to It is left to show that 

f(v(f))=f- 

Indeed, any for y € F*/F* 2 we have 
/(«(/)) (<(y),l) 

= [F*:F* 2 ]" 1 E E ^ 1 (&)(vr(6)vr(,(y),lMz(a),l)/)(^(a- 1 ),l) 
= [F*:F* 2 ]- 1 E E w- 1 (6)K<(a),lK(6) i(B) /)((<(va- 1 ),l) 

ae F*/F* 3 beZ t (F) 

= [F* : F* 2 ]" 1 E E %(fe)(vrWa),l)/)(«ya- 1 ),l). 



Since 



1 oeF 2 
a0F* 2 ' 



6eZt(-F) 

we have shown that 

/(«(/)) = /(i(j/),l). 

Taking into account the fact that any / € I(tTu) is determined on elements of the form 
(i(y), l), where y € F* /F*~, we are done. □ 



Proposition 3.1. Let M[(F) be a parabolic subgroup of GSp2n{F)- Assume that M' t (F) is 
of odd type. Let (tt, V n ) be a genuine representation of M[{F) with a central character. Fix 
w € Q n . Then, tt is an irreducible M[(F) module if and only if tt w is an irreducible Mt(F) 
module. 



Proof. By Lemma 13.41 and by Clifford theory, i.e., Lemma 13.31 we know that tt is an ir- 
reducible Ml(F) module if and only if tt w is an irreducible M t (F) module. By the forth 
assertion of Lemma \2. 2\ tt w is an irreducible M t + (F) module if and only if it is an irreducible 
M t (F) module. □ 



Assume that M' t (F) is of odd type. We now define an equivalence relation on the set 

of isomorphism classes of smooth admissible irreducible genuine representations of M t (F): 

We say that two smooth admissible irreducible genuine representations of M t (F), tt and 
tt' are M^(F) equivalent if tt 9 ~ tt 1 for some g € M[(F). Note that for any tt, an irreducible 

smooth admissible genuine representation of M t (F), the M[(F) equivalence class of tt is of 
cardinality [F* : F* 2 ]. We denote the factor set by Et(F). We have proven the following: 
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Theorem 3.1. There is a one to one onto map from Et(F) to the set of smooth admissible 
genuine irreducible representations of M^(F). It is given by 



TT !->■ Ind * TT. 

M+(F) 

Its inverse is 

TT (->■ 7T W , 

where oj is any element ofu n . 



For Ml(F) = GSp2{F) = GL/2(F), these results were proven by Gelbart and Piatetski- 
Shapiro in [11]. If M^{F) = T' 2n (F), then Theorem 13.11 coincides with Theorem 5.1 and 
Corollary 5.2 of |18j . The crucial facts in [18], which deals with central extensions of split 
reductive algebraic groups over a non-archimedean local fields, is that T^F) is a Heiznberg 

group, i.e, a two step nilpotent group, whose center is of finite index and that T 2 + n (F) is a 
maximal commutative subgroup of T 2n (F) . 

For n even, it is not true that tt 9^ tt 9 for all irreducible GSp 2n (F) modules tt and 

g £ GSp2n(F) which lies outside GSp 2n (F). For odd n, there is no multiplicity one when 
restricting a genuine irreducible representation of GSp2n(F) to Sp2n(F). Both counter 
examples is given by certain unitary principle series representations, see Theorem 14.41 

For the n-fold covering groups of GL n (F) and SL n (F) an analog of Theorem 13.11 was 
proven by Adams in [T] , using the same argument. In fact, an analog of Theorem 3.3 of PQ 
holds in our context as well. We cite it here but omit its proof since it goes word for word 
as Adam's proof. 

Theorem 3.2. Let M t + (F) be a Levi subgroup of odd type. Let tt be a smooth admissible 
genuine representation of (F) with a central character. Denote 

n = Ind^ELrr. 

M+(F) 

Assume the tt has a character, then II has also a character. If we denote these characters 
by Q n and ©n respectively then 

S^g) = [F* : F* 2 ]- 1 £ X ; 1 (6) © n (&<?). (3.6) 

beZ t (F) 

(|3.6p remains true if Q n is replaced by &n , where ir is the restriction of tt to Mt(F). 

As an immediate application of Theorem 13.11 we use (12. 9ft to prove the following. 

Theorem 3.3. Assume that n is odd. Let tt be a genuine smooth admissible irreducible 
representation of GSp2 n (F) . Let rj be a character of F* such that 

uj n (al 2n ,e) = eq(a) 

for all a € F* 2 (rj' is determined up to quadratic twists, see Corollary \3.1\) . We have: 

TT ~ (j/^oA) <8> TT. (3.7) 
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In particular, any genuine smooth admissible irreducible representation of GSp2 n (F) whose 
central character is (al2n,t) ^ e is self dual. Furthermore, any genuine smooth admissible 
irreducible representation of GSp2 n (F) is a one dimensional non-genuine twist of a self dual 
genuine smooth admissible irreducible representation. 



Note that (|3.7p resembles the well known formula for GL,2(F). 



Proof. By Theorem 13.11 and Corollary 13.11 we have 



vr = Ind GSp l niF) r, 



where r is a genuine, smooth admissible irreducible representation of GSp 2n (F) whose 
central character has the form 

(a/ 2 n,e) rf{a)^(a). 



Fix a € GSp2n(F) such A(cr) = —1. In Lemma [331 below we prove that 

r ~ (?/ _1 oA) <g>T°". 

Thus, we have 



S? ~ Ind GSp ^ F) r ~ Ind^l^jn'-'oX) 
GSp+ n (F) GSptjF) 



Note that if x is a character of F* and w is a M t (F) module then 



4> : Ind M ^ F) (xoA) ® -> (x°A) ® Ind M ^ F) w (3.8) 



defined by 



= ix°Wh)f(h) 
is an M[(F) isomorphism. This implies that 

GS P + (F) 

Using Theorem 13.11 again, the first assertion of this theorem follows. The other assertions 
are clear. □ 

Lemma 3.5. Let t be a genuine smooth admissible irreducible representation of GSp2 n (F) . 
By Corollary 13. 1L the central character of ir has the form 

(o/ 2 n,e) i-» er,'(a)^{a n ) 

where x is a character of F* and tp is a non-trivial additive character of F . Fix a € 
GSp2n{F) such A(cr) = — 1. Then, 

r ~ (r/ M oA)®r ff 
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Proof. By (|2.9p and f|2.8j) it is enough to show that 

(rf~ oA) ®T a (aI 2 n, e) =w; 1 (a/ 2n ,e) 
for all a € -F* . If n € N dd then by the first assertion of Lemma 13.11 

(t/ -1 oA) ® r CT (a7 2 n,e) = e7? / - 1 (a 2 )r ? / (o) 7 ^(a)(a, -1) F . 
By (|1.2p we are done in this case. The even case follows immediately, since in this case 

T a (al 2 n,e) = r(al 2n ,e) = eq'{a). 

□ 

3.3 Parabolic induction 

All parabolic inductions are assumed to be normalized and, as usual, the inducing repre- 
sentation is assumed to be trivial on the unipotent radical. Under this assumption, we 
identify the representations of a parabolic subgroup with the representations of its Levi 
part. Notation: Suppose M' ti {F) C ML(F) are two standard Levi subgroups of GSp2 n (F)- 
Define 

p Lt 2 ( p ) = ^(F)n<( f ). 

K,t 2 ( F ) = Pt 1 (F)nA4 2 (F) = GSp + 2n (F)nPl 1<t2 (F), 

P tlM (F) = P tl (F)nM t2 (F) = s P2n (F)nPl lM (F). 



Theorem 3.4. Let M[ (F) C M^{F) be two Levi subgroups of GSp2 n (F) ■ Assume that 
(F) is of odd type. Let ir be a genuine smooth admissible irreducible representation of 
A / Il i (F). Let t be any irreducible Mt 1 (F) module which appears in the restriction of ir to 
M tl (F). Define 



ML (F) 
II = Ind , t2 / 7t 

and 

A = Lnd M ^ F) r. 

Then, 



1. If ML(F) is of odd type then II is irreducible if and only if IS. is irreducible. 

2. If M^ 2 (F) is of even type and ir is supercuspidal then II is irreducible if and only if 
A is irreducible and r is not Weyl conjugate to t 9 for any g E Mf. (F) which lies outside 



Proof. Let r' be any irreducible M ti (F) module which appears in the restriction of ir to 
(F) such that its restriction to Mj> is (isomorphic to) r. By Theorem 13.11 



M' t (F) 

ir = Ind — -i 

M^(F) 



t'. 
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Thus, by using induction by stages twice we get 



ML (F) , Ml (F) , 

n ~ Ind f t' ~ Ind—^—A , 3.9) 

<,t 2 (^) M+(F) 



where 



A/ t + (F) 

A' = Ind T t'. 



Note that since Z(M^(F)) C Z(M^(F)) and since M^(F) = Z (M t + 2 (F))M t2 (F), the 
map 



is an Mt 2 (i ? ) isomorphism from A'| to A. 



Assume first that M' t ^ (F) is of odd type. By Theorem 13. 1| II is irreducible if and only 
if A' is irreducible. On the other hand, by Proposition 12.21 A' is irreducible if and only if 
its restriction to Mt 2 (F) is irreducible. 



Assume now that M( (F) is of even type. By Lemma 13.31 i.e, Clifford theory, II is 

irreducible if and only if A is irreducible and A ^ A for any a € F* which is not a 
square. As explained above, A' is a reducible M t (F) module if and only if A is a reducible 
Mt 2 (F) module. Furthermore, since Ml (F) is of even type, it follows from Proposition 

i(a) j*C a ) 

12.31 that A and A have the same central character. Thus, A ~ A if and only if 
A ~ A*( a ). Note that 



A»W~Ind Mt2(J ?yW. (3.10) 

Indeed, an isomorphism is given by / h4 /, where f(g) = f{g^). Thus, if r ~ r*( a ) then 
A ~ A*W. Since r is supercuspidal, it follows from Theorem 2.9 of [6] which extends in a 
straight forward way to the metaplectic case, that given that A is irreducible then A ~ A 1 ^ 
if and only if r is Weyl conjugate to r^ a '. □ 



We now show that in the even cases, analogs to Theorem 13.51 and Proposition 12.41 hold 
in the context of a parabolic induction, provided that the inducing parabolic group is of 
odd type. 

Proposition 3.2. Let Pl(F) be a parabolic subgroup of GSp2 n (F)- Assume that Pl(F) is of 
odd type and that n is even. Let ir be a genuine smooth admissible irreducible representation 
ofMl(F). Define 

B = IndSE^~K. 

IfUis irreducible then 

fl ~ (r? _1 oA) ® n, 
where r/ is the character of F* defined by the relation 

X n ( a/ 2n,e) = X7r(a^2n,e) = eq(a) 
for all a € F* , see Corollary \3.1\ 
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Proof. Fix oj € f^. We have 



n ~ Ind GSp2n{F) A\ 

where 



GSptjF) 



A' = Inc&L^. 



Since n is even Z(GSp2 n {F)) = Z(GSp2 n {F)) . This implies that 

X A , — Xn — Xtt \ z(GSp2n(F)) ■ 
The irreducibility of II implies that A' is irreducible. Thus, by Lemma 13.51 we have 

GSp+(F) G5p+(F) 
G5p+ (F) 



□ 



Note that we can replace the condition the IT is irreducible with the condition that A' 
is irreducible. Unlike to odd case, this is a weaker condition. 



Proposition 3.3. Let Ml x (F) C M^{F) be two Levi subgroups of GSp2n{F). Assume that 
M' t ^(F) is of odd type. Let ir be a genuine representation of M' t ^{F). Define 



ML (F) 
n = Ind , t2 7T. 

Let x be a quadratic character of F* . Then, 

(xoA)<g>n~n. 

Proof. By proposition 12.41 and by (|3.8p . 



M t i F ) M t (F) A/j (F) 

II = Ind—^ — —ir ~ Lnd—^ — (voA) <8> ir ~ (yoA) <g> Jn rf , 2 - - 7r = (yoA) <8> II. 



□ 



4 Irreducibility theorems 

Theorem 4.1. Assume that n is odd. Let n be a unitary smooth admissible irreducible 
genuine supercuspidal representation of P^. (F). Then, 



is irreducible. 
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Proof. Any M n -o(F) irreducible module which appears in the restriction of ir to M n; o(-F) is 
clearly a unitary smooth admissible irreducible genuine supercuspidal representation. By 
Corollary 6.3 of [HT], if r is an irreducible genuine supercuspidal representation of M n . (F), 

where n is odd then 

Ind S J^r 

is irreducible. The assertion follows now form Theorem 13.41 □ 



Theorem 4.2. Assume that n is odd. All genuine principal series representations of 
GSp2n(F) which are induced form irreducible genuine unitary representations of T^F) 
are irreducible. 



Proof. Regardless of the parity of n > 0, every irreducible genuine representation of T^F) 
is an [F* : F* 2 ] dimensional representation induced from a genuine character of T^-F). 
Thus, if 7r is an irreducible genuine unitary representation of T^F), and r is any T2 n (F) 
irreducible module which appears in the the restriction of tt to T2 n (F), then r is a unitary 
character. By Theorem 5.1 of [31], regardless of the parity of n, all the principal series 



representation of Sp2 n (F) induced from unitary characters are irreducible. Assuming that 
n is odd, the assertion follows now from Theorem 13. 41 □ 

Note that the fact that n is odd is crucial here, see Theorem 14.41 f° r a counter example. 



Remark: Let M tl (F) C M t2 (F) be Levi subgroups of Sp2 n (F). Let r be an irreducible 
genuine representation of Mt 1 (F). Define 



I(r) = Ind M ^ F) r. 

Since 

l(r*W) ~/ i(a) (r), 
It follows that is irreducible if and only if iYr'W). In particular, if 

M tl (F) ~ GL ni (F) x GL n2 (F) . . . x GL rir (F), 

then, as explained in Lemma ll.lt T nas the form 

(diag(g 1 g 2 ,. . . ,5n r ,5i5 2 > • • • ,9^,9^ §2, ■ ■ ■ ,<K>) >-> Hi> (Jl det (9i)) <8> ( ®Li cr^g. 

i=l 

where ip is a non-trivial character of F and for 1 < i < r, o~i are smooth irreducible 
representation of GL ni (F). In this case t 1 ^ is isomorphic to 

n r 

{diag(g 1 g 2 ,. . . ,Sn r ,5iS 2 ,- • ■ ,9nr,<h,<h,- ■ -,9^)^) ^ (\\ det(ft)) <g> ( <g>[ =1 <7i(fl0 

i=l ' 

(4.1) 

Thus, since 7^ = ry • 7^, the question of reusability of /(r) is not sensitive to non-genuine 
quadratic twists of the inducing representation. This fact has no linear analog: For example, 
it is well known that Ind S ^^ x ls irreducible if \ is a trivial character but reducible if x 
is a non-trivial quadratic character. 
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In the case where F is a p-adic field of odd residual characteristic, using the results of 
Zorn given in [33] , we shall obtain a complete list of reducible principal series representation 
of GSp 4 (F): The principal series representation of GSp 4 {F) has the form 



BJ(F) 



where X is a character of T 4 (F) extended trivially on N^F) to B A (F). By Theorem 13. 4( 
the question of reducibility of ir depends only on the restriction of x to T^F). Any genuine 
character of T$(F) has the form 

g = (diag{a,b,aT l ,b~ l ),e) ^ ( Xl <g) x 2 ^7^)(ff) = e7i/>(a&)Xi(a)x 2 (a), 

where Xi and X2 are character of F* and ^ is a non-trivial character of F. 

Theorem 4.3. Let F be a p-adic filed of odd residual characteristic. Let x be a genuine 
character ofT^(F). Denote by 

X = Xi ® X 2 ^ 7i/i 



f/ie restriction of x to T±(F). Then, 7r(x) is reducible if and only if one of the following 
hold 

I. x * s Weyl conjugate to 

XiVa®X 2 7 la^J4„ 

where a is a non-square element in F* . 

II. Xo is Weyl conjugate to £|| ■ || s+ 2 <g)£| • \\ s ~^ K]7»/>, where £ is a unitary character of F* 
and s G IR. 

777. Xo i s Weyl conjugate to £|| ■ || s <S) 77^, || • ||a Mj^, where £ is a unitary character of F* and 
s G R, b G F*. 

Proof. By (14. lj) . it is clear that x is Weyl conjugate to Xo f° r some non-square a £ F* 
if and only if / holds. By Theorem 1.1 of [33], Ind ^ 4 ^^ x is reducible if and only if II or 
III hold. The assertion follows now from the second part of Theorem 13.41 □ 

It should be noted that the results of [33] are given for the C 1 cover of Sp 4 (F) constructed 
via Leray cocycle. Rao cocycle and Leray cocycle defer by a co-boundary. We have used 
the explicit formula for this co-boundary as it appears in Theorem 5.3 of [22] to translate 



these results to Sp 4 (F). 

Theorem 4.4. The following counter examples hold: 

1. Assume that n is odd. There exists an irreducible smooth admissible genuine represen- 
tation of GSp2n(F) whose restriction to Sp2 n (F) is not multiplicity free. 



2. Assume that n is even. There exists a genuine principal series representation of GSp2 n {F) 
induced from a unitary representation ofT^F) which is reducible. 



3. Assume that n is even. There exists it, a genuine irreducible representation of GSp 2n (F) 
such that it ~ it 9 for some g G GSp2 n (F) which lies outside GSp2 n (F). 
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Proof. We use essentially the same construction to prove all three assertions. Let x be 
a character of F*. Let tp be a non-trivial additive character of F. Define x^p to be the 
following character of T2 n (F): 

jVe) ^ X - 7v ,(det(a))e. (4.2) 



a 




Define 



Fix b (z F* which is not a square. By (|4.ip and by the same argument we used for (|3.10p . 

P^(x^-l((x-VbW- (4-3) 
Suppose now that l{xip) is irreducible. Then, Using the standard intertwining operator 
attached to the Weyl element represented by uj' n = I I , where 



LO, 



we observe that 



see Section 2 of I3T1. 



/ A 

1 

i 

Vi '" ) 

l{ X ^)-l{(x'%), (4.4) 



Let £ be any character of F* such that £(— 1) = x n (~l)- Extend I{Xip) to GSp~2 n {F) by 
defining 

(z/ 2n , e )^e^(zh V 7 1 (^)- (4-5) 



Denote this GSp2 n (F) module by I^(xip)- Note that 



where x*l>,£ is the character of T 2n (F) which extends Xip by (|4.5p . Define now n^ Xj ^, to be 
the following genuine principal series representation of GSp2 n (F) 

IT , - In d GSp2n{F) Ir(y : ) ~ In d GSp2n{F ) ( Ind^^K , ^ 

From this point we assume that x is a character of F* of order four. Since the inducing 
representation is unitary, l(x<p) is irreducible, see Theorem 5.1 of [31]. Also, x 2 is a non- 
trivial quadratic character. This implies that x ' % = X -1 f° r some non-square b £ F*. 
Thus, by (jL3]) and (JOJ) we have 

i(x*)*J* w (x*). 
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Assume that n is odd. By Theorem 14.21 IL^ x ^ is an irreducible genuine representation 
of GSp2n(F) and both l(x^) an d F^(xip) appears in the restriction of ^, x ,tp to Sp2 n (F) 
as disjoint subspaces. This proves the first assertion of the proposition. 

Assume now that n is even. By the same argument used in the proof of the second part 
of Theorem I3.4I since l(xip) — I l ^{Xip) it follows that i(b) fixes I^(xv>)- From Lemma 
13.31 we conclude that n^ iXi ^, is reducible. This prove the second and third assertions stated 
here. □ 

Corollary 4.1. Let M^F) be a parabolic subgroup of GSp2n(F) ■ Assume M[{F) is of 
odd type. Let it be any irreducible smooth admissible genuine representation of M[{F). 
Contrary to the situation in the linear case, the restriction of it to Mt(F) is always a sum 
of[F* : F* 2 ] irreducible smooth admissible genuine representations of Mt(F). Furthermore, 
if M' t (F) = GSp2n(F) , M t (F) = Sp2 n {F) and n is odd, then, unlike the linear case, 
multiplicity one does not hold. 



Proof. The first assertion follows from Theorem 13.11 and from the relation between Mt(F) 
and M t (F) proven in Proposition 12.21 The second assertion follow from the first counter 
example given in Theorem 14.41 □ 



Remark: Let F be a p-adic field of odd residual characteristic. It can be shown the 
GSp2n(F) splits over Gsp2n{®F)- This splitting is not unique, in fact there are two split- 
tings and the corresponding embeddings are conjugated if and only if n is odd. Fix an 
embedding k of Gsp2n(®F) into GSp2 n {F). A genuine principal series of GSp2 n {F) con- 
tains a K(Gsp2n(®F)) vector is and only if it is induced from a character of B' 2n (F) whose 

restriction to T^CPp) is (g,e) h->- ej^[x(g 1 )) . Thus, since F has unramified character of or- 
der 4, the family of examples given in Theorem 14.41 includes reducible unramified principles 
series representations of GSp2 n (F) where n is even. Furthermore, there is another family of 
reducible unitary principle series representations which includes unramified representations: 
Let xi and X2 be quadratic characters of F and let ip be a character of F. Define Xtp to be 
the following character of T2 n (F): 

° ~)' e ) ^ ^ r ^( det ( a ))x2(a204 • • • a n )e. 

Here a = diag{a\02 ■ ■ ■ a n ). Pick a character £ of F* which satisfies £(— 1) = xf ( — 1) and 
extend x to T 2 ^(i ? ) as in (|4.5j) . Using similar argument to the one used in Theorem 14.41 it 
can proven that x ^ is an example to 2 and 3 of Theorem (|4.5p , 

5 Whittaker functionals 

5.1 Uniqueness of ^ x u- Whittaker functional 

Let M t (F) be a standard Levi subgroup of Sp2 n (F). Define 

N t (F) = M t (F)nN2n(F). 
Nt(F) is the unipotent radical of a Borel subgroups of M t (F), M t (F) and M' t (F). 



(( 
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Let M be one of the groups Mt(F), M^(F) or M t (F). Let 7r be a representation of 
M and let ip be a non-degenerate character N t (F). By a ■0- Whittaker functional on tt we 
mean a linear functional *& on such that 

0(7T(U, 1)u) = 

for all « G V^-, u G N t (F). Denote by W^ t7r the space of 0- Whittaker functionals on tt. We 
say that tt is ^-generic if 

dim(W^ j7r ) > 0. 

For i eT^jF) HM let ^ W be the character of U t (F) defined by 

Clearly, if $ is a 0- Whittaker functional then the functional i?® defined by 

v h-> #(7r(i)u)) 

is a ip®— Whittaker functional on 7r and that i? ^ is an isomorphism between W^ t7T 
and W^ { t)^t). 

There is only one orbit of non-degenerate characters of Nt(F) under the action of T^-F). 
Thus, any generic representation of M^F) is generic with respect to all non-degenerate 
characters. Fix t = (rai,rt2, • • • , n r ;n ri ). If n r+ \ = there is also only one orbit of non- 
degenerate characters of Nt(F) under the action of either T2 n (F) or T 2 + n (F). However, if 
n r+ \ > then there are [F* : F* 2 ] orbits of non-degenerate characters of Nt under the 
actions of either T2 n (F) or T 2 t n (i ? ). If we fix ip, a non-degenerate character of Nt(F) , then 

{^ {a) | a G F*/F* 2 } (5.1) 

is a set of representatives of all these orbits. 

Lemma 5.1. Let tt be an irreducible smooth admissible representation of either of the groups 
Mt(F) or M t + (F) and let ip be a non- degenerate character of Nt(F). Then, 

dim(PF^) < 1. 

Proof. If tt is not genuine then we are reduced to linear groups, where this assertion is well 
known. We assume now that tt is genuine. For Mt(F) = Sp2n(F) the assertion was proven 
in [29] . As explained in Lemma any irreducible admissible genuine representation of 
Mt{F) is essentially a tensor product of irreducible admissible representations of GL ni (F) 
and an irreducible admissible genuine representation of Sp nr+1 (F). Thus, the uniqueness 
for Mt(F) follows from the uniqueness for GL ni (F) and from the uniqueness for Sp nr+l (F). 
The uniqueness for (F) now follows from the simple relation between the representation 
theory of M t (F) and the representation theory of M^(F) proven in Proposition 12.21 □ 



Suppose now that M is either M^(F) or M t (F). Let (tt,V w ) be representation of M, 
let i? be a ip- Whittaker functional on tt and let u be a character of Z(M t (i* 1 )). If, 

$(tt(z)v) =lo{z)${v), 
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for all v G V n , z G Z(M^ (F)\ we say that $ is a ifi x w- Whittaker functional on 7r. Denote 
by Wj/)xoj,7r the space of ip x W- Whittaker functionals on 7r. We say that ir is ^ x cu-generic 
if 

dim(W^ XWi7r ) > 0. 

Note that if M = (F) and if ir has a central character then any ^-Whittaker functional 
on 7r is a ^ x Xtt Whittaker functional and that if u ^ Xn then dim(W^ Xu!:n ) = 0. From 
Lemma 15. II we now conclude the following. 

Lemma 5.2. Let ir be a smooth admissible irreducible representation of M^(F). Then, 

dim(W^ xa , i7r ) < 1. 

We need one more simple Lemma before we state and proof our main result for this 
section. 

Lemma 5.3. Let M[(F) be a standard Levi subgroup of GSp2 n (F) . Assume that M[(F) 
is of odd type. Let n be a genuine representation of M' t (F). -d i— > $*( a ) is an isomorphism 
between and W^ (a) Xu) na) i% - 

Proof. This follows from the first assertion of Lemma 13.11 □ 

Theorem 5.1. Let M' t {F) be a standard Levi subgroup of GSp2 n {F). Assume that M' t {F) 
is of odd type. Let tv be a smooth admissible generic irreducible representation of M^{F). 
The following hold: 

1. Fix ip, a non- degenerate character of N t (F). For any wE^ 

dim(W^ XWj7r ) < 1 
and there exists at least one to G Q n such that 

din^W^x^) = 1. 

2. Fix uj G Q n . For any ip, a non- degenerate character of Nt(F), 

dim(W^ xtJiVr ) < 1 

and there exists at least one T2 n (F) orbit of non- degenerate characters of Nt(F) such that 

dim(W^ XWi7r ) = 1. 

Proof. If 7r is not genuine then the Theorem follows from the uniqueness of ip- Whittaker 
functional for linear groups. We now assume that it is genuine. 

1. Let uj ^ uj' be two elements in Q n . Any G Wip X ui,n vanishes on tt^i. Thus, if 
dim(W0 XWj7r ) > 1 then dim.(W^ XUJj7Tuj ) > 1. By Lemma E2] this is not possible. This proves 
uniqueness. We now prove existence: Pick any non zero element i9 G W^, )7r . There exists at 
least one co G such that # \ % ^ 0. Clearly $ o (j)^ is a tp X uj- Whittaker functional on it. 
Here 4> w is the projection operator defined in (|3.4p . 

2. Uniqueness is proven exactly as in 1. To prove existence, fix ip, a non-degenerate 
additive character of Nt(F). By 1, there exists ui G £l n such that dim(W^ X £ ]7r ) ^ 0. Since 
Zt(F) permutes the elements of it follows from Lemma [5.3l that there exists a G F* /F* 2 
such that dim(W^»(a) X£Ji7r ) ^ 0. □ 
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Note: For Mt(F) = GL2(F), part 1 of Theorem 15.11 was proven by Gelbart, Howe and 
Piatetski-Shapiro in [8] without using the uniqueness Of Whittaker functional for SL2(F). 
The uniqueness part of Theorem 15,11 may proven using the machinery of Shalika, Gelfand- 
Kazhdan and Bernstein-Zelevinsky, see [28], [13] and [5]. 

Let 7r be a smooth admissible irreducible genuine generic representation of M^(F). As 
we shall see, dim(PF^ !7r ) may be greater then 1. However, as explained above, dim(W^, ;7r ) 
does not depend on ip. Thus, we may denote this number by W^. For to £ Q v define k w to 
be the number of T 2n (F) orbits of non-degenerate characters of N t (F) such that tt^ is ijj— 
generic. For tp, a non-degenerate character of Nt(F) denote by k^ the number of elements 
U) € such that tt w is ^-generic. Clearly, both few, and k w are not greater then [F* : F* 2 ]. 

Theorem 5.2. Fix t = (ni,ri2, • • • , n r ; n r +i). Let M^(F) be a Levi subgroup of GSp2 n {F) ■ 
Assume that M' t {F) is of odd type. Let tv be a genuine smooth admissible irreducible generic 
representation of (F) . Then, k^ is independent of ip and k w is independent of oj . Fur- 
thermore, if n r+ i > then 

klp = k ul = W 7T < [F* : F* 2 ] 
and if n r+ i = then k u = 1 and 

k^ J = W 7r = [F* : -F* 2 ]. 
Proof. Fix ip, a non-degenerate character of Nt(F). Since Nt(F) C M^(F), 

defines a representation of the finite commutative group Zt(F) on W^ K . It was proven in 
Theorem 15 . 1 1 that W^ i7r decomposes over this group with multiplicity 1. Thus, dimW^ )7r is 
equal to the number of elements uj € Q w such that ir w is tp x uj generic. This shows that 

W n = k^< [F* : F* 2 ]. 

If n r+ i > then the equality of k^ and k w follows from (|5.ip and Lemma |5. 31 If n r+ \ = 
then k w = 1 since there is only one orbit of non-degenerate characters of Nt(F) under the 
action of T2 n (F). It is left to show that in this case, 

k 4 , = [F* : F* 2 ]. 

Indeed, since it is generic then for at least one uj 6 ir u is ^-generic. By Lemma 15.31 and 
the fact that there is only one orbit of non-degenerate characters of 7V t (F) under the action 
of T2n(F) we conclude now that for any uj € Q n , ir w is ^—generic. □ 

Corollary 5.1. Let M[(F) be a Levi subgroup of GSp2 n {F)- Assume that M' t {F) is of odd 
type. Let ir be a genuine smooth admissible irreducible generic representation of M[(F). 
Let f^o be a subset of Q n of maximal cardinality such that tt w ~ tt^i as Mt(F) modules for 
all uj, uj' £ Oo- Them 

Proof. This statement is trivial if n r +i = since in this case, by Theorem 15.21 

#fi* < [F* : F* 2 ] = dim(W^). 

We assume now that n r+ \ > 0. Fix uj G Q,q and fix ip such that 7r w is ^-generic. Clearly, 
tt^i is -^-generic for all uj' G Q.q. Thus, k^ > #fio- By theorem 15.21 we are done. □ 
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5.2 Rodier type Heredity 



Lemma 5.4. Let M^(F) C Ml {F) be two Levi subgroups of GSp2n(F). Let ir, r and a be 

smooth admissible irreducible representations of M' t (F), Mt 1 (F) and (F) respectively. 
Define 

Ml (F) 

n = Ind , t2 7t j 



Ind—?- <T, 

<t a (^) 



A = Jn ^ ( ? r. 

Ze£ ^ 6e a non- degenerate character of Nt 2 (F) and letip be the non- degenerate character 
of N tl (F) obtained by restricting ^ . Then, 



dim(Wn) = dim(W 7r ), (5.2) 
dim(W^,s) = dim(WV) < 1, (5.3) 
dim(W*,A) = dim(W^, r ) < 1. (5.4) 

Proof. All three equalities here are metaplectic analogs to Rodier Heredity for linear groups, 
see [23]. In [2], a similar result, in the context of an n-fold cover of GL n (F) was proven. 
That proof, which in fact goes along the same lines as Rodier's proof, is written in sufficient 
generality to apply for our cases also. The two inequalities follows from Lemma 15.11 We 
note that that (|5.4p was an ingredient in the proof of the Uniqueness of Whittaker model 
for Sp 2n (F) in [29]. □ 

From Lemma 15.41 and Theorem 15.21 we conclude the following. 



Corollary 5.2. Let M^ i (F) C A/ t ' 2 (F) be two Levi subgroups of GSp2 n (F). Assume that 
Ml (F) is of odd type. Let tt be an irreducible admissible representation of Ml (F) . Define 



Then, 



Ml (F) 
n = Ind , 2 7T. 



Wn < [F* : F* 2 ]. 



Further more, if ti = (m, rt2, . . . , n r ; 0) and tt is genuine then 



W n = [F* : F* 2 ]. (5.5) 



Note: For IT, a genuine principal series representations of GSp2n(F), where F is a p-adic 
field of odd residual characteristic, (15.51) coincides with Theorem 8.1 of 1181. 



Let Ml ± (F) C Ml 2 (F) be two parabolic subgroups of GSp 2n (F). Assume that M^(F) 
is of odd type. Let tt be a genuine generic irreducible smooth admissible representation of 
MjjF). Define 

Ml (F) 

n = Ind 2 tt. 
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Any uj £ fi^ defines a canonical isomorphism 



II ~ Ind — — tt u 

<t 2 (^) 



M t ( F ) i ) — + 

For / £ -Znc? — n w define > to be its restriction to M t [F). We define now uj special 



3 /+ 



Ml (F) 

^-Whittaker functional attached to IT to be a -0-Whittaker functional on Ind — ^- ir v 

<t 2 (*0 

which vanish on the the subspace 



{/ £ lrJ^U u I /H = o}. 

Theorem 5.3. With the notations and assumptions of the definition above The following 
hold: 

1. Fix tp, a non- degenerate character of Nt 2 (F). For any uj £ £1^, the space of ui special 
tp-Whittaker functionals attached to IT is at most 1 dimensional and there exists at least 
one uj £ fi^ such that this space is non-trivial. 

2. Fix uj £ fi^. For any tp, a non- degenerate character of Nt 2 (F) the space of uj special 
tp-Whittaker functionals attached to IT is at most 1 dimensional and there exists at least one 
T2n{F) orbit of non- degenerate characters tp of N t2 (F) such that this space is non-trivial. 



M(F) M(F) 



Proof. The map / i-> f^ is an M^(F) surjection from Ind — ^ ir w to Ind — ^ tt w . 

This given an isomorphism between the space of uj special -^-Whittaker functionals at- 

W[ (F) 

tached to IT and the space ■i/'-Whittaker functionals on Ind — -2- ir w . (15 .31) implies now 

the uniqueness part of this theorem. Fix tp, a non-degenerate character of Nt 2 (F). Since tt 
is generic, by the argument used in the proof of part 1 of Theorem l5.ll there exists at least 
one uj £ r^jr such that W^, nu ^ 0. This proves existence in part one of the theorem. The 
existence in the second part of the Theorem follows from the first part and from Lemma 

EH □ 



Theorem 5.4. Keep the notations and assumptions above. Assume in addition that M^{F) 
is of odd type. The following hold: 

1. For any uj £ Vt n there exists a unique element uj £ Q n which extends uj. Realize IT as 

M' t (F) _ 

Ind — 7T£. The space of uj special tb-Whittaker functionals attached to IT is W^ xuj ji- 

<t 2 (^) W ' 

2. Fix tp, a non- degenerate character of Nt 2 (F). For any uj £ O n 

dhn(W^ XU)> u) < 1 
and there exists at least one uj £ fin such that 

dim(W,/, XaJ ,n) = 1- 

3. Fix uj £ fi n . For any tp, a non- degenerate character of Nt 2 (F). 

dim(W v , XWi n) < 1 
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and there exists at least one T2 n (F) orbit of non- degenerate characters ip of Nt 2 (F) such 
that 

dim(W^ xa , ; n) = 1- 

Proof. . We prove only the first part of the Theorem. The second part and the third part 
of this Theorem follow from the first part and from Theorem 15.31 From (|3.1[) it follows 
that a bijection between Q n and fin is given by restriction. This explains the existence and 
uniqueness of ui above. It is left to show that 



M+ (F) 

U w ~ Ind—Z 7r c . 

We compute <^ W (II) = 11^: 



(4> u f)(g) = [F* : F* 2 ]' 1 £ u~\b)f(gb) = [F* : F* 2 ]" 1 /^) £ 1»wW' 

6GZt 2 (F) b6Z t2 (F) 



Thus, 11^ consists of the functions which are supported on M t (F). □ 
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